A Denjoy–Wolff theorem for compact holomorphic mappings in reflexive Banach spaces  by Budzyńska, Monika et al.
J. Math. Anal. Appl. 396 (2012) 504–512
Contents lists available at SciVerse ScienceDirect
Journal of Mathematical Analysis and
Applications
journal homepage: www.elsevier.com/locate/jmaa
A Denjoy–Wolff theorem for compact holomorphic mappings in
reflexive Banach spaces
Monika Budzyńska a, Tadeusz Kuczumow a, Simeon Reich b,∗
a Instytut Matematyki UMCS, 20-031 Lublin, Poland
b Department of Mathematics, The Technion – Israel Institute of Technology, 32000 Haifa, Israel
a r t i c l e i n f o
Article history:
Received 17 May 2012
Available online 30 June 2012
Submitted by R.M. Aron
Keywords:
Denjoy–Wolff theorem
Fixed point
Holomorphic mapping
Horosphere
Iterates of holomorphic mappings
kD-nonexpansive mapping
Kobayashi distance
a b s t r a c t
Using the Kobayashi distance, we establish a Denjoy–Wolff theorem for compact holo-
morphic self-mappings of a bounded and strictly convex domain in a complex reflexive
Banach space.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The following version of the Denjoy–Wolff theorem for a bounded and strictly convex domain in Ck has recently been
established in [1] (see [2,1] for an up-to-date list of references concerning this topic).
Theorem 1.1. If D is a bounded and strictly convex domain inCk, and f : D → D is holomorphic and fixed-point-free, then there
exists a point ξ ∈ ∂D such that the sequence {f n} of the iterates of f converges in the compact-open topology to the constant map
taking the value ξ .
Since the proof of Theorem1.1 has ametric character, it can be extended to the case of kD-nonexpansivemappings, where
kD denotes the Kobayashi distance in D [3].
Theorem 1.2. If D is a bounded and strictly convex domain in Ck, and f : D → D is kD-nonexpansive and fixed-point-free, then
there exists a point ξ ∈ ∂D such that the sequence {f n} of the iterates of f converges in the compact-open topology to the constant
map taking the value ξ .
We call the point ξ ∈ ∂D, obtained in Theorems 1.1 and 1.2, the Wolff point of f . In [1, Corollaries 6.5 and 6.6] we also
deduced the following two corollaries regarding this point. The mapping fs,z and its unique fixed point x(s, z) are discussed
after Theorem 2.4.
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Corollary 1.3. Let D be a bounded and strictly convex domain in Ck, f : D → D be holomorphic (kD-nonexpansive) and fixed-
point-free, and ξ ∈ ∂D be the Wolff point of f . For each z ∈ D, let the approximating curve {x(s, z) : 0 < s < 1} be defined
by
x(s, z) = fs,z (x(s, z)) = (1− s) z + sf (x(s, z)) .
Then, as s → 1−, {x(s, ·)} tends uniformly on D to the constant map taking the value ξ .
Corollary 1.4. Let D be a bounded and strictly convex domain in Ck, f : D → D be holomorphic (kD-nonexpansive) and fixed-
point-free, and ξ ∈ ∂D be the Wolff point of f . For each z ∈ D, let the approximating curve {x(s, z) : 0 < s < 1} be defined
by
x(s, z) = fs,z (x(s, z)) = (1− s) z + sf (x(s, z)) .
Then lims→1− diam∥·∥x(s,D) = 0.
Are there infinite dimensional analogues of these finite dimensional results? In the present paper, we answer this natural
question in the affirmative. More precisely, we extend these results to the case of compact holomorphic (kD-nonexpansive)
self-mappings of bounded and strictly convex domains in complex and reflexive (infinite dimensional) Banach spaces.
Observe that the assumption that the complex Banach space (X, ∥·∥) is reflexive is essential in Theorem 2.1 and therefore is
also important in the proof of Theorem 3.3. The reflexivity of the complex Banach space (X, ∥ · ∥) is also used in an essential
way in the proof of Theorem 3.2(viii). We impose a compactness assumption on our self-mappings because in the setting of
infinite dimensional complex Banach spaces the Denjoy–Wolff theorem fails even for biholomorphic self-mappings of the
open unit ball in Hilbert space [4].
Our paper is organized as follows. The next section contains several preliminaries regarding the Kobayashi distance and
holomorphicmappings. Section 3 is devoted to horospheres. Finally, our Denjoy–Wolff theorem and its corollaries are stated
and proved in Section 4.
2. The Kobayashi distance kD, holomorphic mappings and kD-nonexpansive mappings
Let (X, ∥ · ∥) be a complex Banach space. Throughout this paper A denotes the closure of a set A ⊂ X in (X, ∥ · ∥). Next,
all considered domains D ⊂ X in our paper are bounded and convex, and kD denotes the Kobayashi distance in D ([3] and
also [5,1,6–13]).
Since complex geodesics turn out to be very useful in our considerations, we now recall their definition.
Definition 2.1 ([14]). Let D be a bounded and convex domain in a complex Banach space. A holomorphic mapping φ : ∆ →
D is a complex geodesic (with respect to kD) if there exist points z ≠ w in∆ such that
k∆(w, z) = kD(φ(w), φ(z)).
In this case we say that φ(w) and φ(z) are joined by a complex geodesic. If, moreover, w = 0 and 0 < z ∈ R, we call φ a
normalized complex geodesic joining φ(w)with φ(z).
Theorem 2.1 ([15] see also [14,16,17]). Let D be a bounded and convex domain in a complex and reflexive Banach space (X, ∥·∥).
Then every pair of distinct points in D can be joined by a complex kD-geodesic.
Remark 2.1. A complex geodesic is, in fact, an isometric embedding of (∆, k∆) into (D, kD) [14] and therefore in our case
the above definition is equivalent to the original definition of complex geodesics due to Vesentini ([18–20,13]; see also [5]
for historical remarks).
One can observe that the Kobayashi distance kD is locally equivalent to the norm ∥·∥ in X [8].
We also recall the following result.
Lemma 2.2 ([21–23]). Let D be a bounded and convex domain in a complex Banach space (X, ∥·∥).
(i) If x, y, w, z ∈ D and s ∈ [0, 1], then
kD (sx+ (1− s) y, sw + (1− s) z) ≤ max [kD (x, w) , kD (y, z)] .
(ii) If x, y ∈ D and s, t ∈ [0, 1], then
kD (sx+ (1− s) y, tx+ (1− t) y) ≤ kD (x, y) .
Hence each open (closed) kD-ball in the metric space (D, kD) is convex.
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In order to recall a characterization of kD-bounded sets, we need the following notion.
Definition 2.2 ([8]). Let D be a bounded and convex domain in a complex Banach space (X, ∥ · ∥). A nonempty subset C of
D is said to lie strictly inside D if
dist (C, ∂D) := inf{∥x− y∥ : x ∈ C, y ∈ ∂D} > 0.
Let D be a bounded and convex domain in a complex Banach space (X, ∥·∥). It is known that a nonempty subset C of D is
kD-bounded if and only if C lies strictly inside D [8].
Next we recall the definition of strict convexity.
Definition 2.3 ([24]).We say that a bounded and convex domain D in a complex Banach space (X, ∥ · ∥) is strictly convex if
for each x, y ∈ D, the open segment
(x, y) = {z ∈ X : z = sx+ (1− s) y for some 0 < s < 1}
lies in D.
Using strict convexity, one can prove the following very useful lemma.
Lemma 2.3 ([21,12]). Let D be a bounded and strictly convex domain in a complex Banach space (X, ∥ ·∥). Let xjj∈J and yjj∈J
be two nets in D which converge in norm to ξ ∈ ∂D and to η ∈ D, respectively. If
sup

kD

xj, yj
 : j ∈ J = c <∞,
then ξ = η.
The notion of nonexpansive mappings plays a key role in our paper. We recall it now.
Let (Y1, d1) and (Y2, d2) be metric spaces and let ∅ ≠ D1 ⊂ Y1 and ∅ ≠ D2 ⊂ Y2. A mapping f : D1 → D2 is said to be
nonexpansive (with respect to the distances d1 and d2) if
d2 (f (x), f (y)) ≤ d1 (x, y)
for all x, y ∈ D1 [24].
If D1 and D2 are bounded domains in the complex Banach spaces (X1, ∥·∥1) and (X2, ∥·∥2), respectively, and kD1 and kD2
are the Kobayashi distances in D1 and D2, respectively, then each holomorphic mapping f : D1 → D2 is nonexpansive, i.e.,
kD2(f (x), f (y)) ≤ kD1(x, y)
for all x, y ∈ D1 [8] (see also [14,6,7,9,25]).
In particular, if D is a bounded domain in a complex Banach space (X, ∥ · ∥), then each holomorphic self-mapping
f : D → D is kD-nonexpansive.
Let D be a bounded domain in a complex Banach space (X, ∥ · ∥). A mapping f : D → D is said to map D strictly inside
D if f (D) lies strictly inside D. Such a mapping is a strict kD-contraction according to the Earle–Hamilton theorem [26] (see
also [6]).
Theorem 2.4. Let D be a bounded domain in a complex Banach space (X, ∥·∥). If a holomorphic f : D → Dmaps D strictly inside
itself, then there exists a number 0 ≤ t < 1 such that
kD (f (x), f (y)) ≤ tkD (x, y)
for all x and y in D.
Hence, ifD is a bounded and convex domain in a Banach space (X, ∥·∥), then by the Earle–Hamilton theorem, themapping
gs,z := (1− s) z + s (·) : D → D is a strict kD-contraction for each z ∈ D and 0 ≤ s < 1. Thus for each kD-nonexpansive
mapping f : D → D, the mapping fs,z := gs,z ◦ f = (1− s) z + sf : D → D is a strict kD-contraction and has exactly one
fixed point, which we denote by x (s, z). Fix 0 ≤ s < 1 and x0 ∈ D. Then the mapping x (s, ·) : D → D is kD-nonexpansive
(holomorphic if f is holomorphic [27,6,28]) as the limit of the sequence

f ns,·(x0)

.
We also use the notions of total boundedness and finite total boundedness of a metric space. Recall that a metric space is
said to be totally bounded if for each ε > 0, it can be decomposed into a finite number of sets of diameter< ε [29,30]. We
also say that a metric space is finitely totally bounded if each nonempty and bounded subset of X is totally bounded [31].
Now we are able to recall the Całka theorem regarding the behavior of the sequence of iterates of a nonexpansive mapping
on a finitely totally bounded metric space X .
Theorem 2.5 ([31]). Let f be a nonexpansive mapping of a finitely totally bounded metric space X into itself. If for some x0 ∈ X,
the sequence {f n (x0)} contains a bounded subsequence, then for each x ∈ X, the sequence {f n(x)} is bounded.
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Finally, we recall the definition of a compact self-mapping.
Definition 2.4. Let D be a bounded and convex domain in a complex Banach space (X, ∥ · ∥). If f : D → D and the norm
closure of the set f (D) is compact in (X, ∥ · ∥), then we say that f is a compact mapping.
Directly from the above definitions and the Całka theorem we obtain the following theorem.
Theorem 2.6 ([22] see also [32,33,21,34]). Let D be a bounded and convex domain in a complex Banach space (X, ∥ · ∥). If
f : D → D is kD-nonexpansive and compact, then the following statements are equivalent:
(i) f has a fixed point;
(ii) there exist a point x ∈ D and a kD-bounded subsequence {f ni(x)} of its iterates;
(iii) there exists a point x ∈ D such that {f n (x)} is kD-bounded;
(iv) for each point x ∈ D, the sequence {f n(x)} of its iterates is kD-bounded;
(v) there exists a nonempty, kD-closed, convex, kD-bounded and f -invariant subset C of D;
(vi) there exists a nonempty, kD-bounded and f -invariant subset C of D;
(vii) there exists a kD-bounded and norm convergent sequence {xn} with (f (xn)− xn)→ 0;
(viii) there exists a kD-bounded sequence {xn} such that (f (xn)− xn)→ 0.
3. Horospheres
In 1926 Wolff [35] proved the following theorem, which is often called the Wolff–Schwarz Boundary lemma.
Theorem 3.1. Let f ∈ Hol(∆) have no fixed point in ∆. Then there is a unique unimodular point ξ ∈ ∂∆ such that for each
R > 0, the horocycle
D(ξ , R) =

z ∈ ∆ : |1− ξ¯z|
2
1− |z|2 < R

,
internally tangent to ∂∆ at ξ , is f -invariant. Moreover, there is a number α ∈ (0, 1] such that
f n(D(ξ , R)) ⊂ D(ξ , αnR)
for all n = 1, 2, 3, . . ..
The number α in this theorem can indeed be strictly less than 1 when the mapping f is of hyperbolic type (see, for
example, page 125 in [25]).
The horocyclesD(ξ , R) are a basic tool in the proof of the classical Denjoy–Wolff theorem [36–38,35].
In [39] Yang established the following formula:
lim
∆∋w→ξ [k∆ (z, w)− k∆ (0, w)] =
1
2
log
1− zξ 2
1− |z|2 ,
where z ∈ ∆ and ξ ∈ ∂∆. In terms of the horocycleD(ξ , R) in∆ this result provides the following equivalent definition:
D(ξ , R) =

z ∈ ∆ : lim
∆∋w→ξ [k∆ (z, w)− k∆ (0, w)] <
1
2
log R

.
This is the starting point for the introduction of different kinds of horospheres [40,5,1,33,21]. Wewill use the horosphere
H (x, ξ , R, {xn}). To define it, we first recall that the set N of natural numbers can be treated as a sequence {n}n∈N. Hence
it has a subnet {nγ }γ∈Γ which is an ultranet (see [41,42] for properties of ultranets). We fix once and for all such a subnet
{nγ }γ∈Γ . Now we define the horosphere H (x, ξ , R, {xn}) in the following way.
Definition 3.1 ([1] see also [21,12,23]). Let D be a bounded and convex domain in a complex Banach space (X, ∥ · ∥). Let
x ∈ D, ξ ∈ ∂D, R > 0, xn ∈ D, n = 1, 2, . . . , and limn→∞ xn = ξ . The horosphere H (x, ξ , R, {xn}) in D is defined as follows:
H (x, ξ , R, {xn}) :=

y ∈ D : lim
γ∈Γ

kD

y, xnγ
− kD x, xnγ  < 12 log R

.
Remark 3.1. Note that in the case of a complex and separable Banach space, from each sequence {xn} inDwith limn→∞ xn =
ξ ∈ ∂D we can extract a subsequence {xnj} such that all the limits limj→∞

kD

y, xnj
− kD x, xnj exist, where x, y ∈ D
(cf. [43]). Therefore to our end we can use in this case the horospheres G (x, ξ , R, {xn}) defined as follows:
G (x, ξ , R, {xn}) :=

y ∈ D : lim
n→∞ [kD (y, xn)− kD (x, xn)] <
1
2
log R

,
replacing {xn} by {xnj} if need be. But in general we have to take an ultranet {xnγ }γ∈Γ so that the limits limγ∈Γ
kD

y, xnγ
− kD x, xnγ  exist for all x, y ∈ D (see also Remark 10.1 in [1]).
508 M. Budzyńska et al. / J. Math. Anal. Appl. 396 (2012) 504–512
In the following theorem we collect several properties of the horospheres H (x, ξ , R, {xn}).
Theorem 3.2. Let D be a bounded and convex domain in a complex and reflexive Banach space (X, ∥ ·∥). Let x ∈ D, ξ ∈ ∂D, R >
0, xn ∈ D, n = 1, 2, . . . , and limn→∞ xn = ξ . Then the horospheres H (x, ξ , R, {xn}) have the following properties:
(i) if the horosphere H (x, ξ , R, {xn}) is nonempty, then it is convex;
(ii) for every 0 < R1 < R2 we have

H (x, ξ , R1, {xn}) ∩ D
 ⊂ H (x, ξ , R2, {xn});
(iii) if x, x˜ ∈ D and limγ∈Γ

kD

x˜, xnγ
− kB x, xnγ  < 12 log L, then
H

x˜, ξ , R, {xn}
 ⊂ H (x, ξ , LR, {xn}) ;
(iv) for every R > 1 we have B

x, 12 log R
 ⊂ H (x, ξ , R, {xn}), where B x, 12 log R is a ball in the metric space (D, kD);
(v) for every R < 1we have B

x,− 12 log R
∩H (x, ξ , R, {xn}) = ∅, where B x,− 12 log R is a ball in the metric space (D, kD);
(vi)

R>0 H (x, ξ , R, {xn}) = D and

R>0 H (x, ξ , R, {xn}) = ∅;
(vii)

R>0 H (x, ξ , R, {xn}) ⊂ ∂D;
(viii) if D is strictly convex and each horosphere is nonempty, then

R>0 H (x, ξ , R, {xn}) = {ξ}.
Proof. Since properties (i)–(vii) are obvious, we only need to prove property (viii). Since the Banach space X is reflexive, each
set of the form H (x, ξ , R, {xn}) is convex and weakly compact. Hence the intersectionR>0 H (x, ξ , R, {xn}) is nonempty
and by the strict convexity of D it is a singleton contained in ∂D, say

R>0 H (x, ξ , R, {xn}) = {ξ˜}. It remains to show that
ξ = ξ˜ . To this end, we choose a decreasing sequence of real numbers {Rm}with limm Rm = 0 and a sequence {x˜m} such that
x˜m ∈ H(x, ξ , Rm, {xn}) form = 1, 2, . . . and limm x˜m = ξ˜ ∈ ∂D. Ifwm,n = x˜m+xn2 , then by Lemma 2.2 we obtain
lim
γ∈Γ [kD(wm,nγ , xnγ )− kD(x, xnγ )] = limγ∈Γ

kD

x˜m + xnγ
2
, xnγ

− kD(x, xnγ )

≤ lim
γ∈Γ [kD(x˜m, xnγ )− kD(x, xnγ )] <
1
2
log Rm
for eachm. Next, we have
lim
γ∈Γ
kD(wm,nγ , xnγ )− kD  x˜m + ξ2 , xnγ
 = limγ∈Γ
kD  x˜m + xnγ2 , xnγ

− kD

x˜m + ξ
2
, xnγ

≤ lim
γ∈Γ kD

x˜m + xnγ
2
,
x˜m + ξ
2

= 0.
It follows that
lim
γ∈Γ

kD

x˜m + ξ
2
, xnγ

− kD(x, xnγ )

= lim
γ∈Γ [kD(wm,nγ , xnγ )− kD(x, xnγ )] <
1
2
log Rm.
This means that
x˜m + ξ
2
∈ H(x, ξ , Rm, {xn})
for each integerm. Since the sequence {Rm} is decreasing, for eachmwe have
x˜k + ξ
2
∈ H(x, ξ , Rm, {xn})
for all k ≥ m. Hence we obtain
ξ˜ + ξ
2
= lim
m
x˜m + ξ
2
∈

R>0
H(x, ξ , R, {xn}) ∩ ∂D.
However, the strict convexity of D implies that the intersection
Rm
H(x, ξ , Rm, {xn}) =

R>0
H(x, ξ , R, {xn}) ∩ ∂D
is the singleton {ξ˜} and hence ξ˜ = ξ , as asserted. 
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Observe that directly from (iii) we get that if for some x˜ ∈ D all the horospheres H x˜, ξ , R, {xn} are nonempty, then the
same is true when x˜ is replaced with any x ∈ D. We do not know, however, if for each R > 0, the horosphere H (x, ξ , R, {xn})
is always nonempty. This is valid for open unit balls in complex Banach spaces ([1,33,21,34,12,23]; see also [2] for bounded
and convex domains in Ck). Now we prove this fact in the special case where the sequence {xn} stems from a compact,
fixed-point-free and kD-nonexpansive self-mapping f of D, in particular, from a compact, fixed-point-free and holomorphic
self-mapping.
Theorem 3.3. Let D be a bounded and convex domain in a complex and reflexive Banach space (X, ∥ · ∥). Let f : D → D be
a compact, kD-nonexpansive and fixed-point-free mapping. Fix x˜ ∈ D and an arbitrary sequence {zn} ⊂ D. Let the sequences
{tn} ⊂ R and {xn} ⊂ D be such that
0 < tn < 1
for each n ∈ N,
lim
n→∞ tn = 1,
xn = xn(tn, zn) = ftn,zn(xn(tn, zn))= (1− tn)zn + tnf (xn(tn, zn)) = (1− tn)zn + tnf (xn)
for each n ∈ N, and
lim
n→∞ xn = ξ ∈ ∂D.
Then the horosphere H

x˜, ξ , R, {xn}

is nonempty for each R > 0.
Proof. By Theorem 2.1 and Remark 2.1, for eachw ∈ D, w ≠ x˜, and 0 < α˜ < kD(w, x˜), there exists a point yw,x˜,α˜ in D such
that
kD(w, x˜) = kD(w, yw,x˜,α˜)+ kD(yw,x˜,α˜, x˜)
and
kD(yw,x˜,α˜, x˜) = α˜.
Now fix R > 0 and let α > max{− 12 log R, 0}. Since limn→∞ xn = ξ ∈ ∂D, there exists n˜ ∈ N such that 0 < α < kD(xn, x˜)
for each n˜ ≤ n ∈ N. Without loss of generality we may assume that n˜ = 1. Then for each yxn,x˜,α with n ∈ N, we have
kD(xn, x˜) = kD(xn, yxn,x˜,α)+ kD(yxn,x˜,α, x˜) = kD(xn, yxn,x˜,α)+ α.
Next, let
zxn,x˜,α = (1− tn)zn + tnf (yxn,x˜,α)
for each n ∈ N. Since (see Lemma 2.2)
kD(zxn,x˜,α, (1− tn)zn + tnf (x˜)) = kD((1− tn)zn + tnf (yxn,x˜,α), (1− tn)zn + tnf (x˜))
≤ kD(yxn,x˜,α, x˜) = α
and
lim
n
[(1− tn)zn + tnf (x˜)] = f (x˜),
the sequence {zxn,x˜,α}n∈N lies strictly inside D. Now we note that
lim
n
∥zxn,x˜,α − f (yxn,x˜,α)∥ = 0,
where the sequence {f (yxn,x˜,α)}n∈N lies in the compact set f (D). Hence the sequence {zxn,x˜,α} also lies in a norm-compact set
and therefore the ultranet {zxnγ ,x˜,α}γ∈Γ is convergent in the norm topology to a limit point zx˜,α ∈ D. Hence we have
lim
γ∈Γ kD(zxnγ ,x˜,α, zx˜,α) = 0
and
lim
γ∈Γ [kD(zx˜,α, xnγ )− kD(x˜, xnγ )] = limγ∈Γ [kD(zxnγ ,x˜,α, xnγ )− kD(x˜, xnγ )]
= lim
γ∈Γ [kD((1− tnγ )znγ + tnγ f (yxnγ ,x˜,α), (1− tnγ )znγ + tnγ f (xnγ ))− kD(x˜, xnγ )]
≤ lim
γ∈Γ kD[(yxnγ ,x˜,α, xnγ )− kD(x˜, xnγ )] = −α <
1
2
log R
510 M. Budzyńska et al. / J. Math. Anal. Appl. 396 (2012) 504–512
(see Lemma 2.2). Therefore zx˜,α ∈ H

x˜, ξ , R, {xn}

and so the horosphere H

x˜, ξ , R, {xn}

is indeed not empty, as
asserted. 
4. A Denjoy–Wolff theorem
Now we are ready to establish a version of the Denjoy–Wolff theorem for a bounded and strictly convex domain in a
complex and reflexive Banach space.
Theorem 4.1. If D is a bounded and strictly convex domain in a complex and reflexive Banach space (X, ∥ · ∥), and f : D → D
is compact, holomorphic and fixed-point-free, then there exists a point ξ ∈ ∂D such that the sequence {f n} of the iterates of f
converges in the compact-open topology to the constant map taking the value ξ .
Proof. Themapping f , as a holomorphic one, is kD-nonexpansive. Since f is fixed-point-free and kD-nonexpansive, and f (D)
is a norm-compact set, the Earle–Hamilton theorem (Theorem 2.4) and Theorem 2.6 yield a sequence
{xn} =

fsn,zn (xn)
 = {(1− sn) zn + snf (xn)}
(where zn ∈ D, 0 < sn < 1 for n = 1, 2, . . . , and limn→∞ sn = 1), which converges to a point ξ ∈ ∂D.
Fix a point x ∈ D and take an arbitrary point y ∈ D. We observe that
lim
γ∈Γ kD

f (y), fsnγ ,znγ (y)

= lim
γ∈Γ kD

f (y),

1− snγ

znγ + snγ f (y)
 = 0.
Therefore we have
lim
γ∈Γ

kD

f (y), xnγ
− kD x, xnγ  ≤ lim
γ∈Γ

kD

f (y), fsnγ ,znγ (y)

+ kD

fsnγ ,znγ (y), fsnγ ,znγ

xnγ
− kD x, xnγ 
≤ lim
γ∈Γ

kD

y, xnγ
− kD x, xnγ  .
This inequality shows that
f

D ∩ H (x, ξ , R, {xn})
 ⊂ D ∩ H (x, ξ , R, {xn})
for arbitrary R > 0. Once again, since f is fixed-point-free, Theorem 2.6 implies that for each z ∈ D, we have
lim
n→∞ kD

f n(z), z
 = ∞.
Let ∅ ≠ A ⊂ ∂D denote the set of all accumulation points of the sequence {f n(z)}. Observe that for each z, z1 ∈ D and each
n ∈ N, we have kD (f n(z), f n(z1)) ≤ kD (z, z1). Hence by Lemma 2.3, the set A is independent of the choice of z ∈ D. Next,
since each horosphere H (x, ξ , R, {xn}) is f -invariant, the set A lies in the norm closure of every H (x, ξ , R, {xn}). Therefore
by Theorem 3.2 we get
∅ ≠ A ⊂ ∂D ∩

R>0
H (x, ξ , R, {xn}) = {ξ} ,
where ξ ∈ ∂D. The equality A = {ξ} implies that limn→∞ f n(z) = ξ . Next, recall oncemore thatwe have kD (f n(z), f n(z1)) ≤
kD (z, z1) for each z, z1 ∈ D and each n ∈ N. Therefore by Lemma 2.3, the sequence {f n} is convergent in the compact-open
topology to the constant map taking the value ξ , as asserted. 
Now we observe that the proof of Theorem 4.1 has, in fact, a metric character and therefore it can be extended to the
case of kD-nonexpansive mappings.
Theorem 4.2. If D is a bounded and strictly convex domain in a complex and reflexive Banach space (X, ∥ · ∥), and f : D → D
is compact, kD-nonexpansive and fixed-point-free, then there exists a point ξ ∈ ∂D such that the sequence {f n} of the iterates of
f converges in the compact-open topology to the constant map taking the value ξ .
We also call the point ξ ∈ ∂D, obtained in Theorems 4.1 and 4.2, the Wolff point of f .
Directly from the proofs of the last two theorems we get the following three corollaries.
Corollary 4.3. Let D be a bounded and strictly convex domain in a complex and reflexive Banach space (X, ∥ · ∥), and let
f : D → D be compact, holomorphic (kD-nonexpansive) and fixed-point-free. Let {zj} be an arbitrary sequence in D and let a
sequence {xj} ⊂ D be such that
xj
 = fsj,zj xj = 1− sj zj + sjf xj ,
where 0 < sj < 1 for j = 1, 2, . . . , and limn→∞ sn = 1. Then the sequence {xj} tends, as j →∞, to ξ , the Wolff point of f .
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Proof. This is a direct consequence of the facts that
ξ = lim
n→∞ f
n(x)
for each x ∈ D and that each norm convergent subsequence xjk of the sequence {xj} contains a subsequence {xjkn } which
can be used in the construction of the horospheres H (x, ξ , R, {xn}) in the proof of Theorem 4.1. 
Corollary 4.4. Let D be a bounded and strictly convex domain in a complex and reflexive Banach space (X, ∥ · ∥), f : D → D
be compact, holomorphic (kD-nonexpansive) and fixed-point-free, and ξ ∈ ∂D be the Wolff point of f . For each z ∈ D, let the
approximating curve {x(s, z) : 0 < s < 1} be defined by
x(s, z) = fs,z (x(s, z)) = (1− s) z + sf (x(s, z)) .
Then, as s → 1−, {x(s, ·)} tends uniformly on D to the constant map taking the value ξ .
Proof. Let the sequence {xn} satisfy
{xn} =

fsn,zn (xn)
 = {(1− sn) zn + snf (xn)} ,
where zn ∈ D, 0 < sn < 1 for n = 1, 2, . . . , and limn→∞ sn = 1. Applying Corollary 4.3 to this sequence, we arrive at our
result. 
Corollary 4.5. Let D be a bounded and strictly convex domain in a complex and reflexive Banach space (X, ∥ · ∥), let f : D → D
be compact, holomorphic (kD-nonexpansive) and fixed-point-free, and let ξ ∈ ∂D be the Wolff point of f . Let the approximating
curve {x(s, z) : 0 < s < 1} be defined by
x(s, z) = fs,z (x(s, z)) = (1− s) z + sf (x(s, z)) .
Then lims→1− diam∥·∥x(s,D) = 0.
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